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Dynamic	linear	models	(DLMs)	

•  DLMs	are	another	form	of	MARSS	model	

•  But,	their	underlying	structure	is	different	
from	others	we’ve	examined	

•  General	idea	is	to	allow	for	“evolu+on”	of	
parameters	over	+me	

•  Can	be	univariate	(yt)	or	mul+variate	(yt)	
in	the	response	
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Simple	linear	regression	

•  Let’s	begin	with	staAc	(simple)	linear	regression	
with	Gaussian	errors	

•  The	idea	is	that	the	ith	observa+on	is	func+on	of	an	
intercept	and	explanatory	variable(s)	

yi =α +βFi + vi

•  Importantly,	the	index	i	has	no	explicit/implicit	
meaning—shuffling	(yi,	Fi)	pairs	has	no	effect	on	
parameter	es+ma+on	or	interpreta+on	

vi ~ N 0,σ 2( )



Linear	regression	in	matrix	form	

•  We	can	write	the	model	in	matrix	nota+on	

yi =α +βFi + vi

yi = 1 Fi( ) α
β
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yi = Fi
Tθθ+ vi

Fi
T = 1 Fi( ) θθ = α β( )

T
where & 



Dynamic	linear	model*	

•  In	a	dynamic	linear	model,	the	regression	parameters	change	
over	+me,	so	we	write		

yt = Ft
Tθθt + vt

yi = Fi
Tθθ+ vi

as 

1)  Subscript	t	explicitly	acknowledges	implicit	info	in	
+me	ordering	of	data	

2)  Rela+onship	between	y	and	F	is	unique	at	every	t	

(dynamic) 

(staAc) 

*univariate	in	the	response 



Constraining	a	DLM	

•  Close	examina+on	of	the	DLM	reveals	an	apparent	
complica+on	for	parameter	es+ma+on		

yt = Ft
Tθθt + vt

•  With	only	1	obs	at	each	t,	we	could	only	hope	to	
es+mate	1	parameter	(with	no	uncertainty)!	

•  To	address	this,	we	will	constrain	the	regression	
parameters	to	be	dependent	from	t	to	t+1	

θθt =Gtθθt−1 +wt wt ~ MVN 0,Q( )
In	prac+ce,	we	will	typically	make	G	+me	invariant	

&	onen	set	G	=	I	



DLM	in	matrix	form*	

State	or	“evolu+on”	equa+on	

Observa+on	equa+on	

Determines	how	parameters	change	over	+me	

Relates	explanatory	variable(s)	to	the	observa+on	

θθt =Gtθθt−1 +wt wt ~ MVN 0,Q( )

yt = Ft
Tθθt + vt vt ~ N 0, r( )

*univariate	in	the	response 



DLM	in	MARSS	nota+on	

State	or	“evolu+on”	equa+on	

Observa+on	equa+on	

wt ~ MVN 0,Q( )

yt = Ft
Tθθt + vt vt ~ N 0, r( )

xt = Btxt−1 +wt

yt =Ztxt + vt

θθt =Gtθθt−1 +wt

wt ~ MVN 0,Q( )

vt ~ N 0, r( )

DLM: 

DLM: 

MARSS: 

MARSS: 



Contrast	in	covariate	effects	

yt = Ft
Tθθt + vt vt ~ N 0, r( )

yt =Ztxt + vt vt ~ N 0, r( )

DLM: 

DLM	in	MARSS: 

Note:	DLMs	include	covariate	effects	in	obs	eqn	much	
differently	than	other	forms	of	MARSS	models	

yt =Ztxt +Ddt + vt vt ~ N 0, r( )	Other	MARSS: 



Different	forms	of	DLMs	

The	univariate	regression	model	is	just	one	
example	of	a	DLM—other	forms	include:	

•  Stochas+c	“level”	(intercept)	
•  Stochas+c	“growth”	(trend,	bias)	
•  Seasonal	effects	(fixed,	harmonic)	



The	most	simple	univariate	DLM	

Stochas+c	“level”	(intercept-only)	

wt ~ N 0,q( )

yt =αt + vt vt ~ N 0, r( )

αt =αt−1 +wt

A	random	walk	with	observa+on	error	

wt ~ N 0,q( )

yt = xt + vt vt ~ N 0, r( )

xt = xt−1 +wt

DLM 

MARSS 



The	most	simple	univariate	DLM	



The	most	simple	mul+variate	DLM	

Mul+ple	observa+ons	of	a	single	random	walk	

yt =Zxt + vt

xt = xt−1 +wt wt ~ N 0,q( )

vt ~ MVN 0,R( )

Z =

1
1

1
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Another	simple	mul+variate	DLM	

Mul+ple	observa+ons	of	mul+ple	random	walks	

yt =Zxt + vt

xt = xt−1 +wt wt ~ MVN 0,Q( )

vt ~ MVN 0,R( )

Z =

1 0  0
0 1  
   0
0  0 1
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Univariate	DLM	for	level	&	growth	

Stochas+c	“level”	with	determinis+c	“growth”	

wt ~ N 0,q( )

yt =αt + vt vt ~ N 0, r( )

αt =αt−1 +γ +wt

wt ~ N 0,q( )

yt = xt + vt vt ~ N 0, r( )

xt = xt−1 +u+wt

Random	walk	with	drin	

DLM 

MARSS 



Univariate	DLM	for	level	&	growth	

Stochas+c	“level”	with	stochas+c	“growth”	

wt
(1) ~ N 0,q1( )αt =αt−1 +γ t−1 +wt

(1)

wt
(2) ~ N 0,q2( )γ t = γ t−1 +wt

(2)

Level:	

Growth:	

αt =1αt−1 +1γ t−1 +wt
(1)

γ t = 0αt−1 +1γ t−1 +wt
(2)

Level:	

Growth:	

wt
(1) ~ N 0,q1( )

wt
(2) ~ N 0,q2( )

αt

γ t
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Level:	

Growth:	



Univariate	DLM	for	level	&	growth	

Level:	

Growth:	

Q =
q1 0
0 q2
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wt ~ MVN 0,Q( )

xt = Bxt−1 +wt

θθt =Gθθt−1 +wtDLM: 

MARSS: 

Stochas+c	“level”	with	stochas+c	“growth”	

Gθθt wtθθt−1



Univariate	DLM	for	level	&	trend	

Observa+on	eqn	for	stochas+c	“level”	and	“growth”	

Obs:	

Ft
T = 1 0( ) θθt =

αt

γ t
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yt =αt + vt vt ~ N 0, r( )

yt = Ft
Tθθt + vt

yt =Ztxt + vt

DLM: 

MARSS: 

yt =1αt + 0γ t + vt

Define:	



Univariate	DLM	for	regression	

Intercept:	

Slope:	

Q =
q1 0
0 q2
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wt ~ MVN 0,Q( )

xt = xt−1 +wt

DLM: 

MARSS: 

Stochas+c	“intercept”	with	stochas+c	“slope”	

Gθθt wtθθt−1

θθt = θθt−1 +wt



Univariate	DLM	for	regression	

Observa+on	eqn	for	stochas+c	“intercept”	and	“slope”	

Obs:	

Ft
T = 1 ft( ) θθt =

αt

βt
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yt =αt +βt ft + vt vt ~ N 0, r( )

yt = Ft
Tθθt + vt

yt =Ztxt + vt

DLM: 

MARSS: 

Define:	



Forecas+ng	with	univariate	DLM	
•  DLMs	are	onen	used	in	a	forecas+ng	context	where	we	are	interested	

in	a	predic+on	at	+me	t	condi+oned	on	data	up	through	+me	t-1	

•  Beginning	with	the	distribu+on	of	θ	at	+me	t-1	condi+oned	on	data	
through	+me	t-1:	

θt−1 | y1:t−1 ~ MVN π t−1,Λ t−1( )
•  Then,	the	predic+ve	distribu+on	for	θt	given	y1:t-1	is:	

θt | y1:t−1 ~ MVN Gtπ t−1,GtΛ t−1Gt
T +Q( )

yt | y1:t−1 ~ N Ft Gtπ t−1[ ],Ft GtΛ t−1Gt
T +Q#$ %&Ft

T +R( )
•  And,	the	one-step	ahead	predic+ve	distribu+on	for	yt	given	y1:t-1	is:	



Forecas+ng	with	univariate	DLM	
•  DLMs	are	onen	used	in	a	forecas+ng	context	where	we	are	interested	

in	a	predic+on	at	+me	t	condi+oned	on	data	up	through	+me	t-1	

•  Beginning	with	the	distribu+on	of	θ	at	+me	t-1	condi+oned	on	data	
through	+me	t-1:	

θt−1 | y1:t−1 ~ MVN π t−1,Λ t−1( )
•  Then,	the	predic+ve	distribu+on	for	θt	given	y1:t-1	is:	

θt | y1:t−1 ~ MVN Gtπ t−1,GtΛ t−1Gt
T +Q( )

yt | y1:t−1 ~ N Ft Gtπ t−1[ ],Ft GtΛ t−1Gt
T +Q#$ %&Ft

T +R( )
•  And,	the	one-step	ahead	predic+ve	distribu+on	for	yt	given	y1:t-1	is:	

Don’t	worry!	MARSS	will	make	this	easy	for	you.	



Diagnos+cs	for	DLMs	

•  Just	as	we	have	seen	for	other	models,	diagnos+cs	
are	an	important	part	of	fi[ng	DLMs	

•  When	forecas+ng,	we	are	onen	interested	in	the	
forecast	errors	(et	=	observedt	-	forecastt)	

•  In	par+cular,	DLMs	have	the	following	assump+ons:	

et ~ N 0,σ( )
cov et,et−k( ) = 0

1) 

2) 

•  We	can	check	(1)	with	a	QQ-plot	and	(2)	with	an	ACF 



Mul+variate	DLM	

•  Here	we	will	examine	mul+ple	responses	at	
once,	so	we	need	a	mul+variate	DLM	

•  First,	the	obs	eqn	

yt = Ft
T ⊗ In( )θθt + vt vt ~ MVN(0,R)

vt ~ N 0, r( )yt = Ft
Tθθt + vt

becomes 



Mul+variate	DLM	–	obs	eqn	

y1,t
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yn,t
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yt = Ft
T ⊗ In( )θθt + vt vt ~ MVN(0,R)



α1,t

αn,t

β1,t

βn,t
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yt = Ft
T ⊗ In( )θθt + vt

Mul+variate	DLM	–	obs	eqn	

y1,t
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vt ~ MVN(0,R)



Mul+variate	DLM	–	obs	eqn	

R =

r1 γ21 ! γn1
γ12 r2 γn2
! " !
γ1n γ2n ! rn
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yt = Ft
T ⊗ In( )θθt + vt vt ~ MVN(0,R)



Mul+variate	DLM	–	evolu+on	eqn	

•  The	evolu+on	eqn	

becomes 

θθt =Gtθθt−1 +wt wt ~ MVN 0,Q( )

θθt = Gt ⊗ In( )θθt−1 +wt wt ~ MVN 0,Q( )

Gt = I2 ⇒Gt ⊗ In = I2n

θθt = θθt−1 +wt



Mul+variate	DLM	–	evolu+on	eqn	

θθt = θθt−1 +wt wt ~ MVN(0,Q)

w1,t
α( )



wn,t
α( )

w1,t
β( )



wn,t
β( )

!

"

#
#
#
#
#
#
#
#
#

$

%

&
&
&
&
&
&
&
&
&

α1,t

αn,t

β1,t

βn,t

!

"

#
#
#
#
#
#
#
#

$

%

&
&
&
&
&
&
&
&

α1,t−1


αn,t−1

β1,t−1


βn,t−1

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

= + 



Mul+variate	DLM	–	evolu+on	eqn	

θθt = θθt−1 +wt wt ~ MVN(0,Q)

Q(⋅) =

q1
⋅( ) c21

⋅( )  cn1
⋅( )

c12
⋅( ) q2

⋅( ) cn2
⋅( )

  

c1n
⋅( ) c2n

⋅( )  qn
⋅( )
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Mul+variate	DLM	–	evolu+on	eqn	

θθt = θθt−1 +wt wt ~ MVN(0,Q)

Q =

Q1
α( ) 0 0 0 0 0
0  0 0 0 0
0 0 Qk

α( ) 0 0 0

0 0 0 Q1
β( ) 0 0

0 0 0 0  0
0 0 0 0 0 Qk

β( )
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For	k	<	n	“groups” 



Topics	for	lab	

•  Fi[ng	univariate	DLM	regression	model	with	MARSS	

•  Examining	“evolu+on”	of	parameters	

•  Examining	model	fit	

•  Model	diagnos+cs	


